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Abstract. Autometrized algebras are a common generalization e.g. of commutative lattice 
ordered groups and Brouwerian algebras. In the paper, spectra of normal autometrized 
lattice ordered algebras (i.e. topologies of sets (and subsets) of their proper prime ideals) 
are studied. Especially, the representable dually residuated lattice ordered semigroups are 
examined. 
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1. I N T R O D U C T I O N 
K. L. N. Swamy introduced in [7] the notion of an autometrized algebra which is 
a common generalization, for example, of commutative f-groups and Brouwerian 
algebras. (A Brouwerian algebra is a lattice A with the greatest element in which 
for each a,b e A there exists a smallest x € A such that b V x ^ a.) Ideals in 
autometrized algebras were introduced and studied by K. L. N. Swamy and N. P. Rao 
in [9]. Their work has been continued by J. Rachunek in [4], [5], [6], M. E. Hansen in 
[1], [2], and T. Kovaf in [3]. The notion of a prime ideal in an autometrized algebra 
was defined in [4] and minimal prime ideals were studied in [1]. 
In this paper, spectra of autometrized lattice ordered algebras, i.e. topological 
spaces of some sets of their proper prime ideals, are studied. 
A system A = (A,+,0, ^ , * ) is called an autometrized algebra if 
(1) (A,+,0) is a commutative monoid; 
(2) (A, ^ ) is an ordered set, and 
\/a,b,ce A; a^b=> a + c ^b + c; 
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(3) *: A —> A is an autometric on A, i.e. 
V a , 6 e A; a* 6 ^ 0 , 
V a , 6 e A ; a * 6 = 0 <==> a = b, 
Va,6e A; a*b = b*a, 
Va,b,ce A;a*c^(a*b) + (b*c). 
An autometrized algebra is called normal if 
Va 6 A; a ^ a * 0, 
V a , 6 , c , d € A ; (a + c) * (6 + d) sC (a*6) + ( c*d) , 
V a , 6 , c , d e ^ ; (a * c) * (6 * d) < (a*6) + (c*d) , 
V a , 6 e A; ( o < 6 = > 3a; ^ 0; a + a; = 6). 
If (A, ^ ) is a lattice and 
Va ,6 ,c£ A; a + (6 V c) = (a + 6) V(a + c), 
a + (6 A c) = (a + 6) A (a + c), 
then A = (A,+,0, $J,*) is called an autometrized lattice algebra (an autometrized 
(-algebra). 
For instance, every commutative ^-group and every Brouwerian algebra is a normal 
autometrized ^-algebra. 
If A is an autometrized algebra, then 0 ^ I C A is called an ideal in A if and only 
if 
Va, 6 6 / ; a + 6 e J, 
Va G I , x e A; x*0^a*0=> x 6 / . 
In [9] it is proved that the set 1(A) of all ideals in a normal autometrized algebra 
A is a complete algebraic lattice with respect to the order by set inclusion. If 0 ^ 
B C A, then the ideal generated by B is 
1(B) = {x e A; x * 0 ^ m^ai * 0) + ... + mk(ak * 0), 
where m i , . . . ,mk G M and Oi , . . . ,ak e B}. 
For the principal ideal 1(a) generated by an element a £ A we have 
1(a) = {x e A; x *0 ^ m(a * 0) for some m ^ 0}. 
An ideal I of an autometrized algebra A is called prime if 
VJ, K e 1(A); JHK = 1 ^ J = I or K = I, 
and it is called regular if 
i - ( V -
aer 
where JQ e 1 ( A ) for all a e T implies the existence of 0 e T such that I = Jp. 
N o t e . An autometrized algebra A is called 
a) semiregular if 
V a e 7 l ; a > 0 = > a * 0 = a; 
b) interpolation if 
V a , 6 , c e A; ( 0 < a , 6 , c , a < 6 + c = > (30 < 6j ^ 6,0 ^ ci ^ c; a = 6. + ci)) . 
Clearly, commutative ^-groups and Brouwerian algebras are both semiregular and 
interpolation. 
Many of properties of prime ideals were proved in [4], [5] and [6] for interpolation 
semiregular ^-algebras. But using [1], Lemma 1.2, one can easily prove that the 
assumption "A is interpolation" is unnecessary. Further (as shown in [3]), Lemma 5 
in [9] (i.e. if A is an autometrized algebra and a, b e A then (a * b) * 0 = a * b) makes 
it often possible to omit also the requirement of semiregularity. 
2. N O R M A L AUTOMETRIZED C-ALGEBRAS 
Let A be an autometrized algebra. Let us denote by Spec A the set of proper 
prime ideals in A. If M C A, we put 
S(M) = {Pe Spec A; M <Z P}, 
H(M) = {P e Spec A; M C P}. 
Especially, for M = {a} where a e A, we will write 
S({a}) = S(a) andiJ({a}) = H(a). 
It is obvious that for any M C A we have S(M) = S(I(M)) and H(M) = 
H(I(M)), hence we will consider only S(I) and H(I) for all / e 1(A) and S(a) and 
H(a) for each a e A. 
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L e m m a 1. If A is a normal autometrized (.-algebra then: 
(1) S(O) = 0, S(A) = Spec A. 
(2) V/, J e 1(A); S(I n J ) = S(I) n S(J). 
(3) v/7 e i(A),-e r; 5( v /7) = U S(iy). 
~,er 7 gr 
(4) Va, 6 6 / I ; S((a * 0) V (6 * 0)) = 5(a) U S(6). 
(5) Va, 6 6 A; S((a * 0) A (b * 0)) = 5(a) n S(6). 
P r o o f . 1. Obvious. 
2. Let / , J e 1(A) and P g Spec A. Then by [4], Theorem 4, and [3], Theorem 9, 
/ n J g P if and only if / 2 P and J 2 P , therefore S(I n J ) = 5(7) n 5 ( J ) . 
3. Let / 7 € 1(A), 7 6 I \ and P e SpecA . Then for V / 7 , the join of Iy in Z(yl), 
7 e r 
we have V / 7 2 P if
 a nd only if there exists 70 £ T such that 77„ 2 PJ and hence 
s( V A)7= U 5(/7). 
7 e r 7 g r 
4 and 5. By [4], Propositions 2 and 3, and [3], Theorems 6 and 7, 
/(a)V/(fe) = / ( ( a * 0 ) V / ( 6 * 0 ) ) , 
1(a) A 1(b) = I((a * 0) A 7(6 * 0)), 
thus 4 and 5 are special cases of the properties 2 and 3. D 
Coro l l a ry 2. The sets S(I), where I is any ideal in A, form a topology of Spec A. 
Defini t ion . If A is a normal autometrized f-algebra then the topology of Spec 1̂ 
such that its open sets are exactly S(I) for any / € 1(A) will be called the spectral 
topology. The topological space Spec A with the spectral topology will be called the 
spectrum of the algebra A. 
In this section, A will always denote a normal autometrized ^-algebra. 
P r o p o s i t i o n 3 . The mapping 5 : / 1—> S(I) is an isomorphism of the lattice 
1(A) onto the lattice of open subsets in Spec A 
P r o o f . By Lemma 1, 5 is a surjective homomorphism. By [6] (Theorem 3), 
any ideal is an intersection of regular ideals, and since every regular ideal is prime, 
we have 
I = f]{P;PeH(I)} 
for each / 6 1(A). Hence, if S(I) = S(J), then 
/ = C\{P; P 6 / / ( / ) } = f]{Q; Q G H(J)} = J, 
and therefore 5 is injective. D 
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T h e o r e m 4. The sets S(a), where a is any element in A, form a basis of open 
sets in the spectral topology stable under finite unions and intersections. 
P r o o f . If J e 1(A), then by Lemma 1 (3), 
s(f)=s(Vад) = L)эд, 
hence the sets S(a) form a basis of the spectral topology. 
The stability of this basis under finite unions and intersections follows from 
Lemma 1 (4), (5). D 
T h e o r e m 5. a) S(a) is compact for every a e A. 
b) If B is an open compact set of Spec A then B = S(a) for some a e A. 
P r o o f , a) Let a £ A, I-, € 1(A), 7 e T, and let 
S(a)C |JS(/7) = S ( \ / / , ) . 
T s r 7 e r 
Then, by Proposition 3, a 6 V J~i a " d hence, by [9], Lemma 2, 
7er 
o * 0 < ( & i * 0 ) + . . . + (6**0), 
where fc € H, 6. € / 7 4 , t" = 1 , . . . k. But this means that a G J7l V . . . V 7 7 l , and so 
S(a)Cs(V/7i) = LJS(/7,). 
b) Let £? be an open compact set. Then there exist a 1 , . . . , a „ 6 A such that 
B = U S(a{). Hence by Lemma 1 (4), 
B = s(V(a,*0)) 
Corol la ry 6. The spectrum of a normal autometrized (-algebra A is compact if 
and only if A contains an element a such that I(a)=A. 
This means, if A is a commutative £-group then Spec A is compact if and only if 
A has a strong unit, and Spec .4 is compact for each Brouwerian algebra A. 
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If x C' Spec A, put 
£>x = P | { P ; P e x } . 
P r o p o s i t i o n 7. a) The closed sets in Spec A are exactly all H (I), wherel e 1(A). 
b) If x C Spec A, then its closure is x = H(Vx). 
P r o o f , n) H(I) = Spec A \S(I). 
b) x C H(Vx), hence x C H(Vx), and so 
Vx = VH(Vx) C P x . 
But x C x, therefore Z>x C Vx. Thus 23x = "Dx, which means 
x = H(Vx) =H(Vx). 
D 
Coro l l a ry 8. If x C Spec A, then x is dense if and only iff){P; P e x} = {0}. 
3. R E P R E S E N T A B L E D R ^ - S E M I G R O U P S 
Let us recall the notion of a dually residuated lattice ordered semigroup (DR(-
semigroup) that has been introduced by K. L. N. Swamy in [8]. 
A system A = (A, + , 0 , <_, - ) is called a DRi-semigroup if 
(1) (A, + , 0, ^ ) is a commutative lattice ordered monoid; 
(2) for each a,b e A there exists a least element x e A such that b + x ^ a (such 
x is denoted by a — b); 
(3) \/a,beA; (a - b)V 0+6 sC a V 6; 
(4) V a e A; a-a^ 0. 
Let us denote a * 6 = (a - b) V (6 - a) for a, 6 6 A. Then (A, + , 0, <., *) is, by [8] 
and [9], a normal semiregular autometrized ^-algebra. 
A £>.Rf-semigroup A is called representable (see [10]) if (a — b) A (6 — a) ^ 0 
for each a,b e A. (For instance, commutative ^-groups and Boolean algebras are 
representable DRi-semigroups.) 
P r o p o s i t i o n 9. Let A be a representable DRt-semigroup, let P,Q e Specyl and 
Jet P || Q. Then P and Q have in Spec A disjoint neighborhoods. 
P r o o f . Let P,Q G Spec.4, P g Q and Q £ P. Then there exist Q< a e A, 
0 < 6 6 A such that a e P \ Q and 6 e Q \ P- Denote u = a - (a A b) and 
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v = b — (a A 6). Le us show that u £ Q and v g P. Let, for example, u e Q- By [4], 
Lemma 6, a = (oA6) + w, and since aA6 e Q, we have a e Q, a contradiction. Hence 
P e S(u),Q e 5 ( D ) and by [4], Lemma 6, tiAu = 0. Thus S(u)nS(u) = S(uAv) = 111. 
a 
If x C Spec A then the topology of x induced by the spectral topology of Spec A 
will be called the spectral topology on x. 
Corollary 10. If A is a representable DRl-semigroup and x C Spec A is a set 
of pairwise non-comparable prime ideals, then the spectral topology of x is a T 2 -
topology. 
If x C Spec Aa.nd M C A, put SX(M) = S(M) n x. 
Denote by m(A) the set of all minimal and by M(A) the set of all maximal prime 
ideals of a representable D.Rt'-semigroup A. 
Theorem 11 . If A is a representable DIU-semigroup then the spectral topology 
ofm(A) is a T2-topology and the sets Sm(A)(a) = {P e m(A); a $ P}, a e A, form 
a basis of the space m(A) composed by closed subsets. 
P r o o f . Let A be a representable £>i?t'-semigroup. Obviously, the sets Sm(.4)(a), 
where a e A, form a basis of the spectral topology of m(A). Let a e A and let P 
be a minimal prime ideal in A. By [1], Proposition 2.4, either a ^ P or a1- g P. 
Hence SmiA)(a) n Sm(A)(a
x) = 0 and 5 m ( / 4 ) U Sm(A)(a
±) = m(A). Therefore, since 
Sm(A)(a
L) is open, Sm(A)(a) is closed. • 
Let A be a representable £>/^-semigroup, 0 / a e A. Let us denote by val(a) the 
set of all values of a, i.e. the set of all ideals maximal with respect to the property of 
not containing o. (For a — 0, put val(o) = 0.) Let P e 5(o). Then, by [6], Theorem 
4, the set of ideals in A containing P is linearly ordered and by [6], Theorem 2, there 
are ideals in val(a) that contain P. Hence there is exactly one Mp eval(o) such that 
PQMp. 
Let us denote by i/>a: S(a) —>val(a) the mapping such that ip: P i—> Mp. 
Proposi t ion 12. The mapping ipa is continuous. 
P r o o f . Let a e A, P e 5(a) and let U be a neighborhood of MP in val(a). 
We can suppose that U = 5(6)nval(a) for some 6 e A. If Q e val(a) \ S(6), then 
we can choose a neighborhood UQ of Q and a neighborhood VQ of Mp such that 
UQ <~\VQ = 0. It is evident that all UQ, where Q runs over val(o) \ 5(6), form a 
covering of S(a) \ 5(6). Since S(a) is compact and S(a) \ 5(6) is closed in S(a), 
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S(a) \ S(b) is compact, too. Hence there exist n e N and Qx, ...,Qn € S(a) \ S(b) 
such that S(a) \ S(b) cUQlU...U UQ„. 
Let us denote C = S(a)\(UQj U...UUQJ. We have VQl n . . .nVQ„ C C, therefore 
C is a neighborhood of Mp which is closed in S(a), and C n val(a) C U. Therefore 
C C ^~ 2 (C n val(a)) C ^l>Zl(U). Moreover, C, which is a neighborhood of MP, is 
also a neighborhood of P. • 
Proposi t ion 13. If a 6 A, then the set val(o) is a compact T2-space. 
P r o o f . By Corollary 10, val(a) is a T2-space. Further, val(o) is the image of the 
compact set S(a) in the mapping ipa which is, by Proposition 12, continuous, hence 
val(a) is also compact. • • 
The following theorem is now an immediate consequence. 
Theorem 14. If A is a representable DRI-semigroup then the space M(A) of all 
its maximal prime ideals is a T2-space. If there exists b&A such that 1(b) = A then 
M(A) is compact. 
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